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Data-Information-Knowledge EcosystemData-Information-Knowledge 
Ecosystem
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We will see more on this later  … 
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Definitions
• Data - are encodings that represent the qualitative or quantitative attributes of a variable or set 
of variables. 

• Variable: An attribute of a population or sample that can be measured.

• Observation: a measurement or set of measurements made under specific conditions. Each 
measurement is associated with a different variable. An observation = a data point. 

• Dataset – a set of data points (observations) collected for a particular purpose.
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Data
• Types of Data: 

– Qualitative (or Categorical)

– Quantitative (numeric values) 
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Data
• Qualitative: 

Qualitative (or Categorical) data are descriptive, but not 
numeric.

Example: your eye-color, you gender, color of a vehicle, 
your birthplace 
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Data
• Quantitative:
Quantitative data take on numeric values

- Discrete data take whole numbers (0,1,2,3..), representing countable 
things.

e.g. The number of times an employee is late to work, number of cars in the 
parking garage. 

- Continuous data can take infinite possibilities within a range of 
numeric values (fractions, decimals are included..) 

e.g. height of a person, weight of an apple, amount of time spent studying. 
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Levels of Measurement
Qualitative (or Categorical) data can be measured at the:

• Nominal Level: Values are just names, without any order (example: eye color) 

• Ordinal Level: Values have some natural order, example: academic year (freshman, 
sophomore, ..), test grade, military rank 

Quantitative (data like numeric values) can be measured at the: 

• Interval Level: Numeric data with no natural zero point; intervals (differences) are meaningful 
but ratios are not; can be negative, e.g. Temperature in Fahrenheit (or Celsius) degrees 80F is 
20F hotter than 60F, but it is not 150% as hot.

• Ratio Level: Numeric data for which there is true zero; both intervals and ratios are 
meaningful; cannot be negative, e.g. weight, length, duration..
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Types of Data
Type of Data Level of Measurement Examples

Categorical Nominal
(categories with no inherent order)

Eye color, ethnicity, academic major

Ordinal 
(categories with inherent order)

Grade, academic year

Binary 
(2 categories; special case of above)

Electric charge

Quantitative Discrete 
(whole numbers)

Size of household (ratio)

Continuous
(can in theory take on any value in a 
range, although necessarily recorded 
to a predetermined degree of prevision.

Temperature C°/F° (no absolute zero -
interval)

Age, height (ratio)
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Special values in data 
• Fill value
• Default
• Missing value
• Error value
• Not-a-number (NAN) 
• Infinity
• Null (NA)

- These vary by language/platform and usually require special attention 
(removal, debugging, etc.)
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Outlier
• An extreme, or atypical, data value in a sample.

• They should be considered carefully, before exclusion from analysis.

• For example, data values may be recorded erroneously, and hence they 
may need correction.

• However, in other cases they may just be surprisingly different, but not 
necessarily 'wrong'. 
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Variation
• Variation is the tendency of the values of a variable to change from 
measurement to measurement. You can see variation easily in real life; if 
you measure any continuous variable twice, you will get two different 
results. This is true even if you measure quantities that are constant, like 
the speed of light. Each of your measurements will include a small amount 
of error that varies from measurement to measurement. 

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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19
http://climatica.org.uk/climate-science-information/uncertainty

http://climatica.org.uk/climate-science-information/uncertainty

Data Analysis: Chasing Trends

http://climatica.org.uk/climate-science-information/uncertainty
http://climatica.org.uk/climate-science-information/uncertainty
http://climatica.org.uk/climate-science-information/uncertainty
http://climatica.org.uk/climate-science-information/uncertainty
http://climatica.org.uk/climate-science-information/uncertainty
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‘Signal to noise’

• Affects choices of analysis 

• Affects interpretations 

• Can be an indicator of dataset quality

• Signal and noise are context dependent

• Understanding accuracy and precision 
– Accuracy
– Precision
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Accurate vs. Precise 

http://climatica.org.uk/climate-science-information/uncertainty 

Accurate vs. Precise

18

http://climatica.org.uk/climate-science-information/uncertainty
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Exploratory Data Analytics (EDA)
• To use visualization and transformation to explore your data in a systematic 

way, a task that statisticians call exploratory data analysis, or EDA for 
short. EDA is an iterative cycle where you:

• Generate questions about your data. 

• Search for answers by visualizing, transforming, and modeling your data. 

• Use what you learn to refine your questions and/or generate new questions. 
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Exploratory Data Analytics (EDA)
• EDA is not a formal process with a strict set of rules. More than anything, EDA is a 
state of mind. During the initial phases of EDA you should feel free to investigate every 
idea that occurs to you. 

• Some of these ideas will pan out, and some will be dead ends. As your exploration 
continues, you will hone in on a few particularly productive areas that you’ll eventually write 
up and communicate to others.

• EDA is an important part of any data analysis, even if the questions are handed to 
you on a platter, because you always need to investigate the quality of your data.

• Data cleaning is just one application of EDA 

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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• There are no routine statistical questions, only questionable 
statistical routines. 
~ Sir David Cox 

• Far better an approximate answer to the right question, 
which is often vague, than an exact answer to the wrong 
question, which can always be made precise. 
~John Tukey

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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Exploratory Data Analytics (EDA)
• Your goal during EDA is to develop an understanding of your data. 

• The easiest way to do this is to use questions as tools to guide your 
investigation. When you ask a question, the question focuses your 
attention on a specific part of your dataset and helps you decide 
which graphs, models, or transformations to make. 

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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Exploratory Data Analytics (EDA)

creative process..

• EDA is fundamentally a creative process. And like most creative processes, 
the key to asking quality questions is to generate a large quantity of questions.

• At the beginning, It is difficult to ask revealing questions at the start of your 
analysis because you do not know what insights are contained in your dataset. 

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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Exploratory Data Analytics (EDA)

No rule on which Question..

• There is no rule about which questions you should ask to guide your research.

• However, two types of questions will always be useful for making discoveries within your 
data. You can loosely word these questions as: 

1) What type of variation occurs within my variables? 
2) What type of covariation occurs between my variables? 

Resource: R for Data Science, Garrett Grolemund, Hadley Wickham, Chapter 5
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Visualizations

21
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Getting started with analysis

• Examining the data visually

– Which visualization techniques are suitable for one's data? 

• Box plots 
• Frequency plots
• Histograms
• Scatter plot diagrams
…
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Why visualization?
• Reducing amount of data 
• Patterns 
• Features 
• Events 
• Trends 
• Irregularities 
• Leading to presentation of data, i.e. information products 
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Visualizations
• Scatter Plot – Paired data (x,y)

• Describe the relationship between numerical variables. 
• Make a note on the direction of the data points 

• Positive direction 
• Negative Direction 

• Check for unusual observations 
• See the relationship - Linear or Non-linear 
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Visualizations
• Scatter Plot – Paired data (x,y)
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Visualizations
• Boxplot - box-and-whisker of a variable x

• Gives an overview of the range of the variable and where most of the 
observations are exist along that range
• Make a note of the minimum, maximum, quartiles
• Check for unusual observations (outliers)
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Visualizations
• Boxplot - box-and-whisker of a variable x
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Visualizations
• Histogram – Distribution of variable X

• Describe frequency of occurrence of values or ranges of values (bins) of x 
• Tune bin size parameter
• Observe overall shape 
• Check for mixed distributions
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Visualizations
• Histogram – Distribution of variable X
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Statistical Concepts

30
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Populations and samples
• Population : The complete set of actual or potential elements about which 
inferences are made 

• Sample : A subset of the population selected using some sampling 
methods. 

• Population : The complete set of actual or 
potential elements about which inferences 
are made

• Sample : A subset of the population 
selected using some sampling methods. 

Populations and samples
Definitions

9Image Credit/Reference: Quick Study Statistics Image Credit/Reference: Quick Study Statistics 
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Sampling Types
• Random Sampling 
– Sampling in which the data are collected using chance methods or random numbers. 

• Stratified Sampling 
– Sampling in which the population is divided into groups (called strata) according to some characteristic. 
Each of these strata is then sampled using one of the other sampling techniques. 

• Cluster Sampling 
– Sampling in which the population is divided into groups (usually geographically). Some of these groups are 
randomly selected, and then all of the elements in those groups are included in the sample. 
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Simple Random Sampling
A sample is selected so that each possible sample of the same size has an equal 
probability of being selected; used for most elementary inference 

Simple Random Sampling: A sample selected 
so that each possible sample of the same size 
has an equal probability of being selected; 
used for most elementary inference 

Sampling Methods

14Image Courtesy: https://www.slideshare.net/mohammedzuhairy1/sampling-techniques-64917617
Reference: Quick Study Statistics  
Courtesy: Quick Study Academic – Statistics   www.quickstudy.com

Courtesy: Quick Study Academic – Statistics www.quickstudy.com
Reference: Quick Study Statistics
Image Courtesy: 
https://www.slideshare.net/mohammedzuhairy1/sampling-techniques-
64917617 
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Stratified Sampling
The population is divided into strata based on some criterion, and a fixed number 
of elements from each stratum are selected for the sample (e.g. at random).

• Strata are internally homogenous.

https://en.wikipedia.org/wiki/Stratified_sampling
https://en.wikipedia.org/wiki/Stratified_sampling#/media/File:Stratified_sampling.PNG
Image Credit: Dan Kernler – license: CC BY-SA 4.0 - no changes

https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
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Cluster Sampling
The population is divided into groups called clusters; some clusters are randomly 
selected, and every member in them observed. 

• Clusters are internally heterogenous.

https://en.wikipedia.org/wiki/Cluster_sampling
https://en.wikipedia.org/wiki/Cluster_sampling#/media/File:Cluster_sampling.PNG
Image Credit : Dan Kernler – license: CC BY-SA 4.0 - no changes

https://en.wikipedia.org/wiki/Cluster_sampling
https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
https://creativecommons.org/licenses/by-sa/4.0
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Statistics - central tendency – mean, median, modeCentral tendency –
median, mean, mode

29
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Measures of Central Tendency
• Mean: The most commonly used measure of central tendency, commonly 
referred to as “Average”, sensitive to extreme values (sensitive to outliers) 

– Population Mean

– Sample Mean

Measure of Central Tendency
• Mean: Most commonly used measure of 

central tendency, commonly meant by 
“Average”, sensitive to extreme values 
(sensitive to outliers)
– Population Mean
– Sample Mean

30

Image Resource: https://www.onlinemathlearning.com/population-mean.html

https://www.youtube.com/watch?v=k5EbijWu-Ss
Courtesy: Quick Study Academic – Statistics   www.quickstudy.com

Image Resource: https://www.onlinemathlearning.com/population-mean.html Courtesy: Quick Study Academic – Statistics www.quickstudy.com
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Measures of Central Tendency

• Median: Value that divides the set in 2 so the same 
number of observations lie on each side of it.

• The median is less sensitive to extreme values 

• For an even number, it is the average of middle two 
values.

Measure of Central Tendency
• Median: Value that divides the set in so the same number of 

observations lie on each side of it; 
• Median is less sensitive to extreme values
• For an even number, it is the average of middle two values

31

Image Resource: https://en.wikipedia.org/wiki/Median

Courtesy: Quick Study Academic – Statistics   www.quickstudy.com

Courtesy: Quick Study Academic – Statistics www.quickstudy.com Image Resource: 
https://en.wikipedia.org/wiki/Median 
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Measures of Central Tendency 

• Mode: Observation that occurs with the greatest frequency. 

Measure of Central Tendency
• Mode: Observation that occurs with the greatest frequency.

32

Image Resource: https://www.mathsisfun.com/definitions/mode.html

Courtesy: Quick Study Academic – Statistics   www.quickstudy.com

Courtesy: Quick Study Academic – Statistics 
www.quickstudy.com Image Resource: 
https://www.mathsisfun.com/definitions/mode.html
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Variance/Covariance

40

● Variance and Covariance are measures of the “spread” of a set of points around their 
center of mass (mean).

● Variance is measure of the deviation from the mean for points in one dimension.

● Covariance is a measure of how much multiple dimensions vary from their means with 
respect to each other.

- Covariance is measured between 2 dimensions to see if there is a relationship between the 2 
dimensions e.g. number of hours studied & marks obtained.

● The covariance between one dimension and itself is the variance
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Variance/Covariance

41

Example:

- VAR(X) = (12-36) + (20-36) + … + (22-36)
6

= 862.333

- COV(X,Y) = (12-36)*(1.7-4) + … + (35-36)*(2.5-4)
6

= 77.283

𝐶𝑂𝑉 𝑋, 𝑌 =
∑(𝑥! − 𝑥̅)(𝑦! − /𝑦)

𝑁 − 1

𝑉𝐴𝑅 𝑋 =
∑ (𝑥! − 𝑥̅)"

𝑁 − 1

X Y
12 1.7
20 3.4
54 6.8
14 0.9
94 8.5
35 4.2
20 2.5
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Correlation
• One measure of the strength of the association between two numerical variables is 
correlation.

• Correlation describes the strength of the linear association between two variables. 

• Correlation coefficient is between -1 and +1 
-1 indicates a perfect negative linear association and +1 indicates a perfect positive linear association. A 
correlation coefficient of 0, indicates that there is no linear relationship in the two variables. -0.1 and 
+0.1, indicates no linear relationship or a very weak linear relationship

• Correlation coefficient is sensitive to outliers. 

• Correlation coefficient is unitless. 

Reference(s): https://www.investopedia.com/terms/c/correlationcoefficient.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp

https://www.investopedia.com/terms/c/correlationcoefficient.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
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Correlation... 

Correlation…

47

Image/Photo Credit: https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp

Reference(s): https://www.investopedia.com/terms/c/correlationcoefficient.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp

Image/Photo Credit: https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-
negative-or-zero.asp

https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
https://www.investopedia.com/ask/answers/032515/what-does-it-mean-if-correlation-coefficient-positive-negative-or-zero.asp
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Linear Regression

44
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Regression in Statistics
• Regression is a statistical process for estimating the relationships among continuous 
numerical variables.

• In regression analysis the focus is on the relationship between a dependent variable and 
one or more independent variables.

• Independent variables are also called predictors, covariates.. these are inputs.

• Dependent variables are also called target or response variables, these are outputs.

• Estimation is often done by constraining an objective function.

• Must be tested for significance, confidence.



Tetherless World ConstellationTetherless World Constellation 46

Regression regression…

14

Line fit
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Regression - when it gets complex…
When it gets complex…

23
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Real-World Uses

● Sales forecasting

● Price prediction

● Demand estimation

● Performance modeling
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Linear Regression
● Fitting covariate and response data to a line is referred to as linear 

regression.

Definitions
Coefficient: numerical value that quantifies the relationship between predictor and response
Intercept: The expected value of the response variable when the value of the predictor variable is 0.
Slope: the average increase in Y associated with a one-unit increase in X.

Equation of line: !𝑦 = $𝛽" +$𝛽#𝑥 + 𝜖
β₀: intercept (Y when X = 0) • β₁: slope (change in Y per unit change in X) • ε: error term

● Multiple methods for finding the best fit Line.

49
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Some assumptions for linear regression

● Linearity: Relationship between predictor and response is linear

● Independence: Observations are independent (independently measured/sampled)

● No multicollinearity: Predictors not highly correlated

● Homoscedasticity: Constant variance of errors, i.e. errors/uncertainties are evenly 

spread out over range of inputs

● Normality: Errors are normally distributed

50
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Least Squares Method

● Minimize sum of squared residuals

○ Minimize Σ(yᵢ - ŷᵢ)²

● Also called Ordinary Least Squares (OLS)

● Penalizes large errors more heavily

● Produces unique solution: line that minimizes total squared vertical distances from 

points

51
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Equation of line: !𝑦 = $𝛽" +$𝛽#𝑥

Let n be a positive integer. For a given data (x1,y1), ..., (xn,yn) ∈ ℝ×ℝ, 
- we obtain the intercept 𝛽0 and slope 𝛽1 using the least squares method.
- Residual Sum of Squares (RSS), the ith residual 

Or

62 3. Linear Regression

0 50 100 150 200 250 300
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25
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S
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
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n

∑n
i=1 yi and x̄ ≡ 1

n

∑n
i=1 xi are the sample means. In other

words, (3.4) defines the least squares coefficient estimates for simple linear
regression.
Figure 3.1 displays the simple linear regression fit to the Advertising

data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to
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Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
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Least Squares Method
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RSS	can	be	re-written	as:

L = ∑!#$% (𝑦! − D𝛽& −D𝛽$𝑥!)"

Sum of squared distances between (𝑥$, 𝑦$) and (𝑥$ ,$𝛽"+$𝛽#𝑥$ ) over 𝑖 = 1,...,n 

Least Squares Method

&𝑦!
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L = *
!"#

$
(𝑦! − -𝛽% −-𝛽#𝑥!)&

• We partially differentiate L by 𝛽0 and 𝛽1 and let them be equal to zero, we obtain the following equations:

%&
%'('

= −2 ∑$)#* 𝑦$ − $𝛽" −$𝛽#𝑥$ = 0 Eq(1)

%&
% !"!

= −2 ∑$)#* 𝑥$ 𝑦$ − $𝛽" −$𝛽#𝑥$ = 0 Eq(2)

Where the partial derivative is calculated by differentiating each variable and regarding the other variables as constants. In this 
case, 𝛽# and 𝛽$ are regarded as constants when differentiating L by 𝛽$ and 𝛽# respectively. 

Least Squares Method
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• By solving Eq (1) and Eq (2) when: 
∑!"#$ (𝑥! − 𝑥̅)& ≠ 0 Eq(3)

i.e., 𝑥# = 𝑥& = ⋯ = 𝑥( is not true.

where: 𝑥̅ is the mean of X and 5𝑦 is the mean of Y.

• We can obtain:
/𝛽# =

∑)*+
, (.)/.̅)(2)/32)
∑)*+
, (.)/.̅)

Eq(4)

/𝛽" = 0𝑦 - /𝛽#𝑥̅ Eq(5)

Full derivation: https://www.youtube.com/watch?v=ewnc1cXJmGA

Least Squares Method

Equation of line: &𝑦 = 6𝛽% + 6𝛽#𝑥

https://www.youtube.com/watch?v=ewnc1cXJmGA
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True relationship between X and Y: Y =2 + 3X + ε

- Where 𝜖 is a mean-zero random error

64 3. Linear Regression
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FIGURE 3.3. A simulated data set. Left: The red line represents the true rela-
tionship, f(X) = 2 + 3X, which is known as the population regression line. The
blue line is the least squares line; it is the least squares estimate for f(X) based
on the observed data, shown in black. Right: The population regression line is
again shown in red, and the least squares line in dark blue. In light blue, ten least
squares lines are shown, each computed on the basis of a separate random set of
observations. Each least squares line is different, but on average, the least squares
lines are quite close to the population regression line.

two lines in a simple simulated example. We created 100 random Xs, and
generated 100 corresponding Y s from the model

Y = 2 + 3X + ϵ, (3.6)

where ϵ was generated from a normal distribution with mean zero. The
red line in the left-hand panel of Figure 3.3 displays the true relationship,
f(X) = 2 + 3X , while the blue line is the least squares estimate based
on the observed data. The true relationship is generally not known for
real data, but the least squares line can always be computed using the
coefficient estimates given in (3.4). In other words, in real applications,
we have access to a set of observations from which we can compute the
least squares line; however, the population regression line is unobserved.
In the right-hand panel of Figure 3.3 we have generated ten different data
sets from the model given by (3.6) and plotted the corresponding ten least
squares lines. Notice that different data sets generated from the same true
model result in slightly different least squares lines, but the unobserved
population regression line does not change.
At first glance, the difference between the population regression line and

the least squares line may seem subtle and confusing. We only have one
data set, and so what does it mean that two different lines describe the
relationship between the predictor and the response? Fundamentally, the

Dark Red: true relationship

Dark Blue: least squares regression line

Light Blue: least squares regression lines 
for multiple new random datasets 
generated using the same model

*Remember, we are estimating models based on samples to learn about populations…

Linear Models are Estimates
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Evaluating Linear Models
62 3. Linear Regression
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
Then ei = yi− ŷi represents the ith residual—this is the difference between

residual
the ith observed response value and the ith response value that is predicted
by our linear model. We define the residual sum of squares (RSS) as

residual sum
of squares

RSS = e21 + e22 + · · ·+ e2n,

or equivalently as

RSS = (y1− β̂0− β̂1x1)
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2. (3.3)

The least squares approach chooses β̂0 and β̂1 to minimize the RSS. Using
some calculus, one can show that the minimizers are

β̂1 =

∑n
i=1(xi − x̄)(yi − ȳ)∑n

i=1(xi − x̄)2
,

β̂0 = ȳ − β̂1x̄,

(3.4)

where ȳ ≡ 1
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∑n
i=1 yi and x̄ ≡ 1

n

∑n
i=1 xi are the sample means. In other

words, (3.4) defines the least squares coefficient estimates for simple linear
regression.
Figure 3.1 displays the simple linear regression fit to the Advertising

data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to

• Sales vs. TV ad spending
• Sales in 1000s of units
• TV ad spending in 1000s 

of $
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Evaluating Linear Models

68 3. Linear Regression

then we can infer that there is an association between the predictor and the
response. We reject the null hypothesis—that is, we declare a relationship
to exist between X and Y—if the p-value is small enough. Typical p-value
cutoffs for rejecting the null hypothesis are 5 or 1%. When n = 30, these
correspond to t-statistics (3.14) of around 2 and 2.75, respectively.

Coefficient Std. error t-statistic p-value
Intercept 7.0325 0.4578 15.36 < 0.0001
TV 0.0475 0.0027 17.67 < 0.0001

TABLE 3.1. For the Advertising data, coefficients of the least squares model
for the regression of number of units sold on TV advertising budget. An increase
of $1,000 in the TV advertising budget is associated with an increase in sales by
around 50 units (Recall that the sales variable is in thousands of units, and the
TV variable is in thousands of dollars).

Table 3.1 provides details of the least squares model for the regression of
number of units sold on TV advertising budget for the Advertising data.
Notice that the coefficients for β̂0 and β̂1 are very large relative to their
standard errors, so the t-statistics are also large; the probabilities of seeing
such values if H0 is true are virtually zero. Hence we can conclude that
β0 ̸= 0 and β1 ̸= 0.4

3.1.3 Assessing the Accuracy of the Model

Once we have rejected the null hypothesis (3.12) in favor of the alternative
hypothesis (3.13), it is natural to want to quantify the extent to which the
model fits the data. The quality of a linear regression fit is typically assessed
using two related quantities: the residual standard error (RSE) and the R2

R2

statistic.
Table 3.2 displays the RSE, the R2 statistic, and the F-statistic (to be

described in Section 3.2.2) for the linear regression of number of units sold
on TV advertising budget.

Residual Standard Error

Recall from the model (3.5) that associated with each observation is an
error term ϵ. Due to the presence of these error terms, even if we knew the
true regression line (i.e. even if β0 and β1 were known), we would not be
able to perfectly predict Y from X . The RSE is an estimate of the standard

4In Table 3.1, a small p-value for the intercept indicates that we can reject the null
hypothesis that β0 = 0, and a small p-value for TV indicates that we can reject the null
hypothesis that β1 = 0. Rejecting the latter null hypothesis allows us to conclude that
there is a relationship between TV and sales. Rejecting the former allows us to conclude
that in the absence of TV expenditure, sales are non-zero.

1.1 Values of coefficients >> their Std. errors

𝑆𝐸 ;β# =
𝑅𝑆𝐸

∑!"#
$ (𝑥! − 𝑥̅)&

1.2. High t-statistic

1.3. Low p-value

1. Assessing the coefficient estimates

𝑡 =
;β#

𝑆𝐸(?β#)
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Quantity Value
Residual standard error 3.26
R2 0.612
F-statistic 312.1

TABLE 3.2. For the Advertising data, more information about the least squares
model for the regression of number of units sold on TV advertising budget.

deviation of ϵ. Roughly speaking, it is the average amount that the response
will deviate from the true regression line. It is computed using the formula

RSE =

√
1

n− 2
RSS =

√√√√ 1

n− 2

n∑

i=1

(yi − ŷi)2. (3.15)

Note that RSS was defined in Section 3.1.1, and is given by the formula

RSS =
n∑

i=1

(yi − ŷi)
2. (3.16)

In the case of the advertising data, we see from the linear regression
output in Table 3.2 that the RSE is 3.26. In other words, actual sales in
each market deviate from the true regression line by approximately 3,260
units, on average. Another way to think about this is that even if the
model were correct and the true values of the unknown coefficients β0

and β1 were known exactly, any prediction of sales on the basis of TV
advertising would still be off by about 3,260 units on average. Of course,
whether or not 3,260 units is an acceptable prediction error depends on the
problem context. In the advertising data set, the mean value of sales over
all markets is approximately 14,000 units, and so the percentage error is
3,260/14,000 = 23%.
The RSE is considered a measure of the lack of fit of the model (3.5) to

the data. If the predictions obtained using the model are very close to the
true outcome values—that is, if ŷi ≈ yi for i = 1, . . . , n—then (3.15) will
be small, and we can conclude that the model fits the data very well. On
the other hand, if ŷi is very far from yi for one or more observations, then
the RSE may be quite large, indicating that the model doesn’t fit the data
well.

R2 Statistic

The RSE provides an absolute measure of lack of fit of the model (3.5)
to the data. But since it is measured in the units of Y , it is not always
clear what constitutes a good RSE. The R2 statistic provides an alternative
measure of fit. It takes the form of a proportion—the proportion of variance
explained—and so it always takes on a value between 0 and 1, and is
independent of the scale of Y .

Hypothesis (more TV ads à more sales)

X H0 : There is no relationship between X and Y
√ Ha : There is some relationship between X and Y 
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units, on average. Another way to think about this is that even if the
model were correct and the true values of the unknown coefficients β0

and β1 were known exactly, any prediction of sales on the basis of TV
advertising would still be off by about 3,260 units on average. Of course,
whether or not 3,260 units is an acceptable prediction error depends on the
problem context. In the advertising data set, the mean value of sales over
all markets is approximately 14,000 units, and so the percentage error is
3,260/14,000 = 23%.
The RSE is considered a measure of the lack of fit of the model (3.5) to

the data. If the predictions obtained using the model are very close to the
true outcome values—that is, if ŷi ≈ yi for i = 1, . . . , n—then (3.15) will
be small, and we can conclude that the model fits the data very well. On
the other hand, if ŷi is very far from yi for one or more observations, then
the RSE may be quite large, indicating that the model doesn’t fit the data
well.

R2 Statistic

The RSE provides an absolute measure of lack of fit of the model (3.5)
to the data. But since it is measured in the units of Y , it is not always
clear what constitutes a good RSE. The R2 statistic provides an alternative
measure of fit. It takes the form of a proportion—the proportion of variance
explained—and so it always takes on a value between 0 and 1, and is
independent of the scale of Y .
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Evaluating Linear Models
2. Assessing the model’s fit

Residual Standard Error
• Mean sales ≈ 14,000 units
• RSE = 3.26 = 3,260 units

R2

• Measures the how much of the variability in Y can be 
explained using X (as a predictor)

• has a value between 0,1
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2. (3.16)

In the case of the advertising data, we see from the linear regression
output in Table 3.2 that the RSE is 3.26. In other words, actual sales in
each market deviate from the true regression line by approximately 3,260
units, on average. Another way to think about this is that even if the
model were correct and the true values of the unknown coefficients β0

and β1 were known exactly, any prediction of sales on the basis of TV
advertising would still be off by about 3,260 units on average. Of course,
whether or not 3,260 units is an acceptable prediction error depends on the
problem context. In the advertising data set, the mean value of sales over
all markets is approximately 14,000 units, and so the percentage error is
3,260/14,000 = 23%.
The RSE is considered a measure of the lack of fit of the model (3.5) to

the data. If the predictions obtained using the model are very close to the
true outcome values—that is, if ŷi ≈ yi for i = 1, . . . , n—then (3.15) will
be small, and we can conclude that the model fits the data very well. On
the other hand, if ŷi is very far from yi for one or more observations, then
the RSE may be quite large, indicating that the model doesn’t fit the data
well.

R2 Statistic

The RSE provides an absolute measure of lack of fit of the model (3.5)
to the data. But since it is measured in the units of Y , it is not always
clear what constitutes a good RSE. The R2 statistic provides an alternative
measure of fit. It takes the form of a proportion—the proportion of variance
explained—and so it always takes on a value between 0 and 1, and is
independent of the scale of Y .
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true outcome values—that is, if ŷi ≈ yi for i = 1, . . . , n—then (3.15) will
be small, and we can conclude that the model fits the data very well. On
the other hand, if ŷi is very far from yi for one or more observations, then
the RSE may be quite large, indicating that the model doesn’t fit the data
well.
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independent of the scale of Y .

70 3. Linear Regression

To calculate R2, we use the formula

R2 =
TSS− RSS

TSS
= 1− RSS

TSS
(3.17)

where TSS =
∑

(yi − ȳ)2 is the total sum of squares, and RSS is defined
total sum of
squaresin (3.16). TSS measures the total variance in the response Y , and can be

thought of as the amount of variability inherent in the response before the
regression is performed. In contrast, RSS measures the amount of variability
that is left unexplained after performing the regression. Hence, TSS−RSS
measures the amount of variability in the response that is explained (or
removed) by performing the regression, and R2 measures the proportion
of variability in Y that can be explained using X . An R2 statistic that is
close to 1 indicates that a large proportion of the variability in the response
has been explained by the regression. A number near 0 indicates that the
regression did not explain much of the variability in the response; this might
occur because the linear model is wrong, or the inherent error σ2 is high,
or both. In Table 3.2, the R2 was 0.61, and so just under two-thirds of the
variability in sales is explained by a linear regression on TV.
The R2 statistic (3.17) has an interpretational advantage over the RSE

(3.15), since unlike the RSE, it always lies between 0 and 1. However, it can
still be challenging to determine what is a good R2 value, and in general,
this will depend on the application. For instance, in certain problems in
physics, we may know that the data truly comes from a linear model with
a small residual error. In this case, we would expect to see an R2 value that
is extremely close to 1, and a substantially smallerR2 value might indicate a
serious problem with the experiment in which the data were generated. On
the other hand, in typical applications in biology, psychology, marketing,
and other domains, the linear model (3.5) is at best an extremely rough
approximation to the data, and residual errors due to other unmeasured
factors are often very large. In this setting, we would expect only a very
small proportion of the variance in the response to be explained by the
predictor, and an R2 value well below 0.1 might be more realistic!
The R2 statistic is a measure of the linear relationship between X and

Y . Recall that correlation, defined as
correlation

Cor(X,Y ) =

∑n
i=1(xi − x)(yi − y)√∑n

i=1(xi − x)2
√∑n

i=1(yi − y)2
, (3.18)

is also a measure of the linear relationship between X and Y .5 This sug-
gests that we might be able to use r = Cor(X,Y ) instead of R2 in order to
assess the fit of the linear model. In fact, it can be shown that in the simple
linear regression setting, R2 = r2. In other words, the squared correlation

5We note that in fact, the right-hand side of (3.18) is the sample correlation; thus,

it would be more correct to write ̂Cor(X, Y ); however, we omit the “hat” for ease of
notation.
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Readings
Select 1 from:
Data on the Web and Linked Data
● Facilitating Discovery of Public Datasets [56]
● Tom Heath Linked Data Tutorial (2009) [57]
● Relational Databases on the Semantic Web, 

Tim Berners-Lee [58]
● A Survey of Current Approaches for Mapping 

of Relational Databases to RDF [59]
● On directly mapping relational databases to 

RDF and OWL [60]

And select 1 from:
Data Mining
● Brief Introduction to Data Mining [30]
● Longer Introduction to Data Mining and slide 

sets (read the introduction) [31]

2 total :-)
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https://research.googleblog.com/2017/01/facilitating-discovery-of-public.html
http://tomheath.com/slides/2009-02-austin-linkeddata-tutorial.pdf
http://www.w3.org/DesignIssues/RDB-RDF.html
http://www.w3.org/2005/Incubator/rdb2rdf/RDB2RDF_SurveyReport.pdf
http://dl.acm.org/citation.cfm?id=2187924
https://www.winlab.rutgers.edu/~suhas/wiser/Dataminingintro.pdf
https://www-users.cse.umn.edu/~kumar001/dmbook/slides/chap1_intro.pdf
https://www-users.cse.umn.edu/~kumar001/dmbook/slides/chap1_intro.pdf
https://www-users.cse.umn.edu/~kumar001/dmbook/index.php


Tetherless World ConstellationTetherless World Constellation

Thanks!
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Work on your data collection!! 


